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Abstract 

An estimate on the number of distinct relative periodic orbits around a stable relative equilibrium 
in a Hamiltonian system with continuous symmetry is given. This result constitutes a generalization 
to the Hamiltonian symmetric framework of a classical result by Weinstein and Moser on the exis- 
tence of periodic orbits in the energy levels surrounding a stable equilibrium. The estimate obtained 
is very precise in the sense that it provides a lower bound for the number of relative periodic orbits 
at each prescribed energy and momentum values neighboring the stable relative equilibrium in ques- 
tion and with any prefixed (spatiotemporal) isotropy subgroup. Moreover, it is eeisily computable 
in particular examples. It is interesting to see how in our result the existence of non trivial relative 
periodic orbits requires (generic) conditions on the higher order terms of the Taylor expansion of the 
Hamiltonian function, in contrast with the purely quadratic requirements of the Weinstein-Moser 
Theorem, which emphasizes the highly non linear character of the relatively periodic dynamical 
objects. 

1 Introduction 

The search for periodic orbits around non hyperboUc equilibria of a Hamiltonian system has traditionally 
been one of the main topics in classical mechanics. The best known results in this direction are due to 
Liapounov and Horn [^Hl, who solved the non resonant case. The general case was solved only in 
1973 by A. Weinstein who proved the following theorem |67| : 

Theorem 1.1 (Weinstein) Let (Af, uj, h) he a Hamiltonian system and let m ^ AI he an equilibrium 
of the associated Hamiltonian vector field Xh such that h(m) = and the quadratic form (Ph{m) is 
definite. Then, for each sufficiently small positive e, there are at least i dim M geometrically distinct 
periodic orbits of energy e. 

Further extensions of this result due to J. Moser justify why this theorem is usually referred to 
as the Weinstein-Moser Theorem. Bartsch [7j has studied periodic orbits on the zero level set of the 
Hamiltonian in Moser's generalized version of the theorem. In the last two references, the definiteness 
of the second variation of the Hamiltonian is not required in the total space but in a smaller subspace 
called resonance space that will be defined later on in the paper. 

In this paper we will be interested in Hamiltonian systems endowed with a continuous symmetry. 
More specifically, Hamiltonian systems of the form (M, w, G, J : M — > g*, /i : M ^ R), where G is a Lie 
group, with Lie algebra g, acting properly and canonically on the smooth symplectic manifold (M, u), 
that encodes the symmetries of the system. We will assume that the G-action admits an equivariant 
momentum map J : M ^ g* , where g* denotes the dual space of g, and that the Hamiltonian function 
h is G-invariant (check for instance with for an introduction to these notions). The generalization 
of Liapounov's Theorem to the resonant case carried out in the Weinstein-Moser Theorem is of great 
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relevance in this setup since the invariance properties associated to symmetries induce resonances in 
many occasions. 

The Weinstein-Moser Theorem was adapted to this category by Montaldi et al and later by 
Bartsch P|, who obtained sharper estimates. Even though these authors worked in the symmetric 
framework, their papers still dealt with the search of periodic orbits near elliptic equilibria. However, in 
the presence of a continuous symmetry, the critical elements that generalize equilibria and periodic orbits 
to this category are the so-called relative equilibria (RE) and relative periodic orbits (RPOs). 
Recall that a relative equilibrium of the G-invariant Hamiltonian /i is a point m G M such that the 
integral curve m,(t) of the Hamiltonian vector field Xh starting at m equals exp(i^) • to for some ^ S g, 
where exp : g — > G is the exponential map; any such ^ is called a velocity of the relative equilibrium. 
Note that if to has a non-trivial isotropy subgroup, ^ is not uniquely determined. The point to 6 M is 
said to be a relative periodic orbit of the G-invariant Hamiltonian h if there is a r > and an element 
g ^ G such that Ft+rim) — 9 ■ Ft{m) for any t G M, where Ft is the flow of the Hamiltonian vector field 
Xh- The constant t > is called the relative period of to and the group element g S G its phase 
shift. For historical reasons, we will occasionally refer to the RPOs that we will find in this paper as 
relative normal modes (we already did so in the title) given that these solutions generalize to the 
symmetric context the normal modes or periodic orbits around equilibria provided by the Liapounov 
Center Theorem and by the Weinstein-Moser estimates. 

From the point of view of applications a theorem linking stable relative equilibria to the existence of 
RPOs presents certain relevance since stable relative equilibria are known to appear profusely in most 
common symmetric Hamiltonian systems: pendula and oscillators subjected to various interactions j42| . 
symmetric rigid bodies (free, in the presence gravity [37], or immersed in fluids |33[I34| '). molecules j48|. 
point vortices in various phase spaces [2^1 EH, etc. 

The search for relative equilibria around stable and unstable relative equilibria has been the object 
of inni- The simplest and most straightforward generalization of the Weinstein-Moser Theorem to the 
symmetric context is obtained by using symplectic reduction j42j. If the point to G M is such that 
J (to) = /I is a regular value of the momentum map J and the coadjoint isotropy subgroup G^ of ^ e Q* 
acts freely and properly on the level set J~^(^), then the quotient manifold J~^(/i)/G^ is a symplectic 
manifold and the dynamics of any G-invariant Hamiltonian on M drops naturally to Hamiltonian 
dynamics on the reduced manifold J^^(/i)/G^. Moreover, REs and RPOs in M coincide with equilibria 
and periodic orbits in the reduced space, respectively. Therefore, if to is a RE such that the Hessian 
of the reduced Hamiltonian at the reduced equilibrium satisfies the hypothesis of the Weinstein-Moser 
Theorem, then there are at least ^ dim(J~^(/i)/G^) geometrically distinct periodic orbits on each energy 
level in this reduced space, that lift to as many geometrically distinct RPOs in M with momentum fj,. 
We emphasize that when in the symmetric context we talk about geometrically distinct objects we 
mean that one cannot be obtained from the other by using the relevant group action in the problem. 

One limitation of this method is that it only allows us to prove the existence of RPOs with the 
same momentum as the stable relative equilibrium whose existence we use as hypothesis. Additionally, 
if the regularity assumption on the point to is dropped in the previous paragraph, the reduced space 
J~^(^)/G^ is not a manifold anymore but a Poisson variety in the sense of whose symplectic 

leaves are the singular reduced spaces introduced by Sjamaar, Lerman, and Bates in [S^l El- See 
also 1^21 ESI. In principle, the procedure described in the previous paragraph can still be carried out 
taking, instead of the entire reduced space, the smooth symplectic stratum that contains the reduced 
equilibrium. The main inconvenience of this approach is the loss of information that the restriction 
to the stratum implies. For instance, the stratum could reduce to a point, in which case the result 
would be empty of content. However, even when the stratum that contains the relative equilibrium 
is not trivial the use of the Weinstein-Moser Theorem in it does not give us any information on the 
neighboring strata which, as we will see, contain non trivial relative periodic solutions. A first step in 
overcoming these difficulties has been taken in |36| where a symplectic version of the Slice Theorem 
due to Marie, Guillemin, and Sternberg is used to establish a relation between the RPOs around a 
given stable relative equilibrium and the RPOs around the corresponding symmetric equilibrium in the 
slice, always when certain hypotheses on the coadjoint isotropy of the momentum value of the relative 
equilibrium are satisfied. This procedure allows the application of the Weinstein-Moser Theorem on 
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the slice to produce RPOs of the original system. Nevertheless, this treatment is not optimal and when 
the relative equilibrium is just an equilibrium, these theorems do not provide any information, as far as 
RPOs is concerned. In our work we will take an approach inspired by the so called Smale Program |63| 
that consists of analyzing the orbit spaces resulting from quotienting the level sets of the conserved 
quantities in the system by the relevant group action. This strategy will provide results free from some 
of the restrictions in |36| and containing easy to compute estimates on the number of RPOs around 
a given stable relative equilibrium, classified by their energy, momentum value, and (spatiotemporal) 
isotropy subgroups. The main results are contained in the following three theorems: 

• Theorem 13. II this result gives two different lower bounds for the number of RPOs with prescribed 
energy, momentum, and isotropy group in a symmetric Hamiltonian system, neighboring a stable 
equilibrium with total isotropy. The symmetry group is assumed to be compact. The estimates 
provided are based on two different critical point theory tools: Lusternik-Schnirelman category 
and Morse theory. The former provides an easy to compute dimensional estimate while the latter 
is expressed in terms on an Euler characteristic with respect to equivariant cohomology that, even 
though is more difficult to compute it is, in principle, sharper. This result improves the study 
carried out in since the main results regarding RPOs in those papers are empty of content 
when dealing with an equilibrium with total isotropy. 

• Theorem 13. 131 it provides estimates on the number of RPOs similar to those in Theorem 13. II but 
this time, the predicted solutions have prescribed isotropy subgroup not only with respect to the 
symmetry group G of the system (referred to as the group of spatial symmetries) but with 
respect to the group G x (group of spatiotemporal symmetries) , where the circle symmetry 
comes from putting the system in normal form. This symmetry, that in principle is not a feature 
of the given system, is reflected in the spatio-temporal symmetry properties of the periods of the 
solutions predicted by the theorem. Due to the techniques used in the proofs and the conclusions 
obtained Theorem 13.131 is NOT a generalization of Theorem 13.11 in the proof of Theorem 13.11 
intervenes a transversality argument that guarantees that all the solutions obtained are genuine 
RPOs and not just relative equilibria (that could be considered as trivial RPOs). This conclusion 
cannot be drawn from Theorem 13.131 given that the subgroups of G x S"^ intertwine the G and 
S'^-actions via the temporal character (this terminology will be introduced later on) preventing 
us from making the distinction between RPOs and relative equilibria (see Remark 13. 17|l . 

• Theorem 14.11 it generalizes Theorem 13 . 1 31 providing . under certain hypotheses, estimates on the 
number of RPOs around a stable relative equilibrium. 

The paper is organized as follows: 

• In Section 12 we introduce some preliminary material with the purpose of fixing the notation and 
of future reference. The expert can skip this section. 

• In Section 121 we present the main results that provide an estimate on the number of RPOs sur- 
rounding a given stable symmetric equilibrium at each prescribed energy and momentum values 
neighboring the equilibrium, and with any prefixed spatial and spatiotemporal isotropy subgroup. 

• In Section ^ we use the main results in the previous section and the so called reconstruction 
equations in order to generalize them to an estimate on the number of RPOs around a genuine 
stable RE. 

2 Preliminaries 

Throughout the paper we will work in the category of symmetric Hamiltonian spaces whose objects are 
Hamiltonian systems with symmetry (M, oj, G, 3 : M ^ q* , h : M ^ M.). Here (M, oj) is a symplectic 
manifold on which the Lie group G, with Lie algebra g, acts properly, canonically, and, moreover, in a 
globally Hamiltonian fashion, that is, it admits an equivariant momentum map J : M — s- g*, where g* 
is the dual space of g. The Hamiltonian function h is always assumed to be G-invariant. 
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2.1 Proper actions, fixed point sets, slices, and normalizers. 

The proofs of the facts stated below can be found in EHl EH ^| ■ The isotropy subgroups associated 
to a proper action are always compact. Let K he a, closed subgroup of G. The connected components 
of the sets 

= {zeM \ K C GJ 
Mk = {zeM\K = G,} 

are submanifolds of M. Mk is an open submanifold of AI^ . is usually referred to as the set of 

K-fixed points in M and Mk as the submanifold of isotropy type K . If M is a symplectic manifold, 
then (the connected components of) Mk and M^ are symplectic submanifolds of M . Proper actions are 
important since they guarantee the existence of slices and tubular models: let m G M and Gm be the 
isotropy subgroup of the element m. The Slice Theorem guarantees the existence of a G-equivariant 
isomorphism Lp : G B — > J7, where U is a, G-invariant open neighborhood of the orbit G • m 
such that i^[e,0] = m, and where B is an open Gm-invariant neighborhood of in the vector space 
r,„A/ lT,n{G ■ m), on which G^ acts linearly by /i • (u + r,„(G • m)) := T.m<^h ■v + T„^{G-m). The set S 
defined as 5 := (y5[e, is a (smooth) slice at m for the G-action on M . 

Slices have very interesting properties. A feature that will be of particular interest interest to us 
is the possibility of using the slice to locally coordinatize the G-space M around the orbit G ■ to by 
means of a local cross-section of G/Gm- More specifically, a local cross-section a of the homogeneous 
space G/Gm is a differentiable map a : Z ^ G, where Z is an open neighborhood of Gm in G/Gm 
such that a{Gm) = e and a{z) £ z, for z £ Z. The Slice Theorem for proper actions of Palais |57l 
propositions 2.1.2 and 2.1.4] guarantees that the map F : Z x S ^ M defined by F{z, s) := a{z) ■ s, 
is a diffeomorphism onto an open subset of M that contains m. In Section 0] we will briefly review a 
symplectic version of this result. 

We now suppose that the symplectic manifold M in question is a symplectic vector space (V,w) 
that constitutes a symplectic representation space of G. In this case the K-fixed point space is a 
symplectic vector subspace of V, for any subgroup K C G. Recall that any symplectic representation 
is globally Hamiltonian with an equivariant momentum map 3 . V —^ g* associated given by 

for any v e V, ^ £ q. 

The symbol ^-v denotes the infinitesimal generator at v associated to ^ G g, and (•, •) the natural pairing 
between the Lie algebra g and its dual. Let now N{K) = {n G G | nKn~^ = K} be the normalizer of K 
in G. The globally Hamiltonian G-action on V induces globally Hamiltonian actions of L := N{K)/K 
on Vk and . Moreover, the L-action on Vk is free. The momentum maps J^a- : i* and 

Jlk '-Vk ^* associated to these actions are given by 

JiK(T;) = S*(J(i,)), 3lAv) = ^*{3{v)), 

where S* : (6°)^ — + [* is the natural A''(i4r)/if -equivariant isomorphism (see ES] for the details) 
between the ii'-fixed points in the annihilator of f) in g* and the dual of the Lie algebra I* of N{K)/K. 

2.2 The resonance space and normal form reduction 

Let (y, to) be a symplectic vector space. It is easy to show that there is a bijection between linear 
Hamiltonian vector fields on (V, ui) and quadratic forms on V. Indeed, ii A : V ^ V is an infinitesimally 
symplectic linear map, that is, a linear Hamiltonian vector field on (V, uj), its corresponding Hamiltonian 
function is given by 

QAiv) ■= 2^{^v, v), for any v £V. 

Also, since A belongs to the symplectic Lie algebra 5p{V), it admits a unique Jordan Chev alley 
decomposition j^EHI of the form A = A^ + A„, where Ag G 5p{V) is semisimple (complex diagonal- 
izable), An G sp{V) is nilpotent, and = 0. If the quadratic form Qa is definite, a theorem of 
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Krein |^ \^ guarantees that the associated hnear Hamiltonian vector field A is semisimple (complex 
diagonalizable) and that all its eigenvalues lie on the imaginary axis. Let ivo be one of the eigenvalues 
of A and T,^^ := We define the resonance space U^^ of A with primitive period T^^ as 

:= kcr(e^=^-° -/). 
The resonance space Uu^ has the following properties (see [211 El EH]): 

(i) J7,y„ is equal to the direct sum of the real generalized eigenspaces of A corresponding to eigenvalues 

of the form ±ikh'o, with k €W. 

(ii) The pair {U^^, ijj\u„J is a symplectic subspace of (^, i^)- 

(iii) The mapping 9 G ^~^''\u^ generates a symplectic linear action on {U^^, ijj\u„ ) with 
associated momentum map J51 : U,j^ — > R given by J51 = t^QaJc/^^ ■ 

(iv) If (V, uj) is a symplectic representation space of the Lie group G and the Hamiltonian vector 
field A is G-equivariant (equivalently, the quadratic form Qa is G-invariant), then the symplectic 
resonance subspace {U^^ t^\u^ ) is also G-invariant (this follows from the uniqueness of the Jordan- 
Chevalley decomposition of A, which implies that if A is G-equivariant, so is As). Moreover, the 

and G actions on {Uv„,u}\u^„) commute, which therefore defines a symplectic linear action of 
G X S"! on Uy^ . 

(v) The normal form reduction |64[ I65L 1^ Let (V, hx) be a A-parameter family (A G A, where 

A is a Banach space) of smooth G-Hamiltonian systems such that for any A S A, h\{Q) ~ 0, 
(lh\{Q) ~ 0, and the G-equivariant infinitcsimally symplectic linear map A := DXh^^{0) is non 
singular and has ±Wo as eigenvalues. Let {Uu^ , '-^\u^^ ) be the resonance space of A with primitive 
period T^^. Then, there exist smooth mappings ip ■ C^i^o x A — > y and G''"'"^ -mapping h\ : 
C/jy„ X A M such that 'ip{0, A) = 0, for all A e A, Du^^ip{0, Ao) = lu^^ i^u^^ denotes the partial 
Frechet derivative relative to the variable in Ui,^), and, most importantly |65[ Theorem V.5.17], 
Theorem 3.2], if we stay close enough to zero in 11,^^ and to Ao G A, then the S^-relative equilibria 
of the G X S'^-invariant Hamiltonian h\ are mapped by V'(-, A) to the set of periodic solutions of 
{V, Lu, h\) in a neighborhood of G T^, with periods close to T,y^. Hence, in our future discussion 
we will substitute the problem of searching periodic orbits for [V, to, h\) by that of searching 
the 5"'^-relative equilibria of the G x S'^-invariant family of Hamiltonian systems (C/i/„, uj\u„ , h\), 
that will be referred to as the equivalent system. Given any fc G N, the equivalent system 
Hamiltonian hx can be chosen so that its Taylor expansion coincides with that of h\\ir^^ up to 
order k. This fact and the properties of ip imply that 

A A\u,^^ = DvXh,JO)\u,.^ = Du^^X^^^^^^^ (0) = Du,.^X^^{0). (2.1) 

The reduction procedure that we just described appears also in the literature under the name of 
Weinstein-Moser reduction. 



2.3 Hamiltonian relative equilibria and relative periodic orbits 

A point TO G M is a relative equilibrium of the Hamiltonian system with symmetry (M, w, ft., G, J), 
with velocity ^ G 0, iff m is a critical point of the augmented Hamiltonian := h — 3^, where 
:= (J,^. A similar characterization for RPOs that also uses the momentum map is given in the 
following elementary result. 

Proposition 2.1 Let (Af, w, h) be a Hamiltonian system with a globally Hamiltonian symmetry given 
by the canonical action of the Lie group G on M , with associated momentum map J : M —> g* . // the 
Hamiltonian vector field Ar^_j!;, 1^ G t), has a periodic point m G M with period t, then the point m is 
a RPO of Xfi with relative period t and phase shift exp t^. 
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Proof Let Ft be the flow of the Hamiltonian vector field Xh and Kt (m) = exp ■ m that of Xjs . By 
Noether's Theorem we have that [Xh,Xji] = —X^f^ j^ — 0, where the bracket {•, •} denotes the Poisson 
bracket associated to the symplectic form ui. Due to this equality, we can write (see for instance (3 Corol- 
lary 4.1.27]) the following expression for Gt, the flow of Gt{m) — lim„_oo(^t/n ° K^t/n)"'{fn) — 
{K-t o Ft){m) ~ exp — • Ft{m). Since by hypothesis the point m is periodic for Gt with period r, we 
have that m ~ exp — • Fr{m), or, equivalently, F-r{m) = exp • m, as required. I 

The proposition that we just proved allows us to search the RPOs of the system (M, u, h, G, J) by 
looking at the periodic orbits of the systems with Hamiltonian functions the augmented Hamiltonians 

:= /i — J^. Notice that in terms of symmetry properties, the new systems whose periodic orbits we 
want to compute are weaker. More specifically, even though the original Hamiltonian is G-invariant, 
the augmented Hamiltonian h — is only G^-invariant, where G^ is the adjoint isotropy of the element 
f G 0, that is, G^ := {5 G G I Adg £, = 

As we already mentioned in the introduction, the use of the previous proposition in the search for 
the RPOs of a system carries intrinsically two main limitations. Firstly, since the phase shift of a RPO 
that amounts to a periodic orbit of — is always of the form exp r^, with r some real number. Hence, 
the RPOs whose phase shifts do not lie in the connected component of the identity of the group of 
symmetries G cannot possibly be found in this way. Second, if G is a discrete group then its Lie algebra 
is trivial and consequently so is the momentum map associated to this action, which makes the previous 
proposition empty of content. 

2.4 Results on critical point theory of functions on compact manifolds 
2.4.1 The Lusternik— Schnirelman approach 

The following two results are slight generalizations of those presented in 'SH' for circle actions. The 
additional hypotheses that we will introduce in our statements will make the original proofs work with 
straightforward modifications. 

Proposition 2.2 Let AI be a compact G-maniJold, with G a Lie group acting properly on M. Any 
G-invariant smooth function f G G°°{M)^ has at least 



critical orbits. 

In the previous statement, the symbol Cat denotes the Lusternik Schnirelman category of the 
quotient compact topological space M/G (the action of G on M does not need to be free and, con- 
sequently, the quotient M/G is not in general a manifold). Recall that the Lusternik-Schnirelman 
category of a compact topological space M is the minimal number of closed contractible sets needed to 
cover M. 

The preceding statement is one of the main analytical tools that we will use to obtain estimates 
on the number of RPOs of our problem. As we will see later on, we will be able to reduce the search 
for those RPOs to the computation of the number of critical orbits of a G-invariant function defined 
on a compact G-symmetric manifold that satisfies the hypotheses of Proposition 12. 21 In principle, the 
category in (|2.2I) is very difficult to compute. Nevertheless, in our situation we will take advantage of 
the symplectic nature of our setup to estimate it in terms of readily computable dimensional quantities. 
The main tools to carry that out are the following technical propositions whose relevance will become 
apparent at the time of their application in the proof of the main theorems. 

Proposition 2.3 Let M be a compact G-manifold, with G a Lie group acting properly on M such that 
the isotropy subgroup of each point m ^ AI is a finite subgroup of G. Let oj be a symplectic G-invariant 
form defined on AI . Let H <Z G be a Lie subgroup of G and N C AI be a H -invariant closed submanifold 
of AI such that for any n £ N we have that 



C'Ai{AI/G) 



(2.2) 



and 



T„N n • TO = f) • n. 



(2.3) 
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where Q-n — {Cm(") li\t-o "^-^P^^ ' I C G fl} denotes the tangent space at n £ N G M of the G -orbit 
G ■ n = {g ■ n \ g E G}. Then, there is a cohomology class S H'^{N/ H;M.) such that 9^ ^ 0, where 
k i(dimiV-dimi/). 

The proof of the foUowing elementary fact can be found in |6H . 

Proposition 2.4 Let M be a compact topological space. The Lusternik-Schnirelman category of AI is 
at least 1 plus its cuplength. 

Corollary 2.5 Let (M,lu) be a 2n-dimensional compact symplectic manifold. Then, 

Cat(M) >l + n. (2.4) 

Proof The symplecticity of lu implies that is a nowhere vanishing multiple of the volume form, 
hence [w]" = [w"] ^ in the top cohomology group of the manifold, and therefore the cuplength of the 
manifold M is at least n. The conclusion follows from Proposition l2.4l ■ 

Another approach to the search of critical orbits of symmetric functions is the use of the so called 
equivariant Lusternik-Schnirelman category or G-Lusternik-Schnirelman category (denoted by 
the symbol G-Cat), introduced in different versions and degrees of generality by Fadell T^, Clapp and 
Puppe |12[ I13|. and Marzantowicz jjl]. The equivariant Lusternik-Schnirelman category is not the 
standard Lusternik-Schnirelman category of the orbit space that we used in the previous paragraphs, 
but the minimal cardinality of a covering of the G-nianifold M by G-invariant closed subsets that can 
be equivariantly deformed to an orbit. This new category is also a lower bound for the number of critical 
orbits of a G-invariant function on M and is actually a better bound since it can be proven (see for 
instance jl81 page 43]) that G — Cat(Af) > Cat(M/G), where the equality holds, for instance, when the 
G-action on M is free. Nevertheless, we will not use this category since the cohoniological estimates 
that can be made via arguments similar to those established using propositions l2.3l and l2.4l on the value 
of the G-category require the use of G-equivariant cohomology hence giving rise to estimates that are 
not as readily computable as those that we will obtain using standard cohomology. 

2.4.2 The Morse theoretical approach 

The following paragraphs briefly summarize some results on Morse Theory adapted to the symmetric 
Hamiltonian setup as they can be read in the works of Kirwan [291 ISU] . 

Let / € G°°{AI) be a smooth function on the compact manifold M. A critical point m G A/ is said 
to be non degenerate when the second derivative of / at the critical point d^/(m) is a non degenerate 
quadratic form. Non degenerate critical points are isolated. The index if{m) of a critical point m is 
the maximal dimension of a subspace of T^M in which d^/(m) is negative definite. A smooth function 
all whose critical points are non degenerate is said to be of Morse type. 

If M is a G-manifold with G a Lie group of positive dimension, the critical points of any smooth 
G-invariant function / G G°°(Af)*^ come in G-orbits. Therefore, since the critical points of / are not 
isolated the function / cannot possibly be of Morse type. The closest condition to being of Morse type 
that we can envision in the equivariant context is what we will call being of G-Morse. A function 
/ G G°°(Af)*^ is of G-Morse when all its critical points m G M satisfy that 

hdrd^ f{m) ^T^(G-m). 

This condition will be needed in the statement of our main results. Note that this is a "reasonable" 
condition to be imposed since it is generic in the G-category. A situation in which it is very easy 
to see that this is the case is when the G-action on M is free. In that case, a G-invariant function 
being G-Morse is equivalent to its projection onto the quotient manifold M/G being a standard Morse 
function, which occurs generically. 

The G-Morse condition implies the minimal degeneracy condition ^5*, Appendix 10], which is the 
weakest condition that, to the knowledge of the author, allows the formulation of Morse inequalities and 
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standard Morse theory (see [3103] for additional information). More specifically, the Morse inequalities 
in this situation state that if the function / 6 C°°{M)'~^ is G-Morse then there exits a polynomial R{t) 
in t with non negative integer coefficients such that 

J2 ff^''-^^PtiG-x)-PtiM)^Rit){l + t), i?W>0, (2.5) 

G-x critical orbit of / 

where the sum runs over all the critical orbits G • a; of the function /, and Pt{G ■ x), Pt{M) denote the 
Poincare series of G • a; and M respectively 

i>0 i>0 

The symbols bi{M) (resp. 6i(G • x)) denote the Bctti numbers of the manifold M (resp. G-x), that is, 

b,{M) = dim H,{M) (resp. b,{G ■ x) = dim(G ■ x) ). 

The Morse inequalities (|2.5|l still hold if instead of using ordinary cohomology we use equivariant co- 
homology, that is, there exits a polynomial R{t) in t with non negative integer coefficients such that 

ff((^-^^ -P^^M)^R{t){l + t), i?(t)>0, (2.6) 

G-X critical orbit of / 

where Pf{M) = E»>o*' dim i/^(M). These are the so called equivariant Morse inequalities. 

A straightforward consequence of 1)2. 6|l is that any G-invariant function / on the compact manifold 
M has at least 

|x(Af)'^| := |P« (A/)| (2.7) 

critical orbits. The number x{M)'~^ is called the G-Euler characteristic of M . 

The previous remark is particularly relevant in the globally Hamiltonian framework: suppose now 
that the compact G-manifold M is symplectic, that the Lie group G acts canonically, and that this 
action has an equivariant momentum map associated J : M — > g*. Let /i G J(M) C g* be a regular 
value of J and G^ be the corresponding coadjoint isotropy subgroup which we will assume acts in a 
locally free fashion on J^^(/i). In the proofs of our main results it will be necessary to evaluate the 
number of critical orbits of a G^-invariant function on J~^(/.t), which by (|2.7(l can be done just by 
computing x(J~^(/.t))'^f . This work has been carried out in full detail by Kirwan 29, 30 who realized 
that the function := ||J — /ip G C°°{M)'-^i^ (|| • || is any Ad^-invariant inner product on g*) is an 
equivariantly perfect Morse function, which allows to explicitly write down (see 30, Theorem 4.14]) the 
G^-equivariant Betti numbers of J^^(/i), and consequently x(J^^(/i))'^^', in terms of the Betti numbers 
of M, of the classifying space of G^, and of the equivariant Bctti numbers of some simpler subspaces of 
M explicitly constructed using the geometry of the momentum map. Therefore, in our future discussions 
we will consider x(J^^(m))'^^ as a computable quantity that we can use, via 1)2. 7|1 . in our estimations 
on the number of G^-critical orbits on J^^(/i) (see Section 3 in for an explicit example of this 
calculation). 

We conclude this remark by noting that since we will be working with locally free actions, the rational 
equivariant cohomology ring Hq (J^^(/x);Q) is isomorphic to the ordinary rational cohomology ring 
i7*(J-HM)/G'p;Q), and therefore 

x{3-\^,)f^^x{3'\^^)/G,). 

2.5 Lagrange multipliers 

The use of Lagrange multipliers will be crucial in the proof techniques that we will use. The version of 
this result that we present in the following proposition can be found as Corollary 3.5.29 in 

Proposition 2.6 Let M be a smooth manifold, F be a Banach space, g : M F be a smooth submer- 
sion, f £ G°°(R), and N ~ g^^{0). The point n £ N is a critical point of the restriction /j^r iff there 
exists X £ F* , called a Lagrange multiplier, such that n is a critical point of f — Xo g. 
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3 The main result 

3.1 Relative periodic orbits with prescribed isotropy 

Before we state the main result of this section we need some terminology. Let h £ C°°{V) a smooth 
function defined on the vector space V such that h{0) — 0, d/i(0) — 0, and the second derivative at zero 
Q :— d^/i(0) is a definite quadratic form. Let (•, •) be the scalar product on V defined by 

{u,v) -.^ ^(fh{0){u,v), u,vGV, 

and II • II be the associated norm. We will say that these are the scalar product and the norm 
associated to the quadratic form Q. Wc now write the Taylor expansion of h around the origin: 



h{v) = ||«f + ^d^h{0) + . . . + ^d''h{0) 



veV. 



We will say that the fcth term in the Taylor expansion of the function h is purely radial when 

Id'^MO) {v^''^)=c,\\vf, 

where Ck is a constant real number. 

The main goal of this section is proving the following theorem: 

Theorem 3.1 Let {V,uj,h,G,3 : V —>■ g*) be a Hamiltonian system with symmetry, with V a vector 
space, and G a compact positive dimensional Lie group that acts on V in a linear and canonical fashion. 
Suppose that h{0) = 0, dh{0) = (that is, the Hamiltonian vector field Xh has an equilibrium at the 
origin) and that the linear Hamiltonian vector field A := DXh{0) is non degenerate and contains ±iVo 
in its spectrum. Let U^^ be the resonance space of A with primitive period T^^ := . Let K G G be an 
isotropy subgroup of the G -action on V for which the quadratic form on the K -fixed point space 
U^^ defined by 

Q''{v):^U^h{0){v,v), vGU^^ 

is definite, and the set 3j^^^{0) n Q]^^{1) is non empty (Qk '■— \{u„^)k )■ ^'^ these conditions, there 
exists a neighborhood B{K) C 1* of zero in [* such that for any A G B{K), the intersection J£^^(A) H 
Q^{^) is a submanifold of {U,j^)k- Suppose that the following two generic hypotheses hold: 

(HI) The restriction h\ijK of the Hamiltonian h to the fixed point subspace U^^ is not radial with respect 
to the norm associated to . 

(H2) Let hk{v) := -gd''h(0) (tj'^'^'^), v £ [/^ be the first non radial term in the Taylor expansion of h\uK 
around zero. We will assume that fc > 4 and that the restrictions hk\j-i (A)nQ"^(i) /ifc to the 
submamfolds J^^(A) n Qk\1), with A e B{K), are {N{K)/K)x x -Morse. 

Then, the neighborhood B{K) can be chosen so that for any e > close enough to zero and any A G B[K) 
there are at least 



i (dim< - d\^{N{K)/K) - dim {N{K)lK)^) ,x (JZ. W ^ Qi^'(l))^''''' 



(3.1) 



distinct relative periodic orbits of Xh with energy e, momentum e(S^)~"'^(A) £ Q* , isotropy subgroup K , 
and relative period close to T^^ . The choice of B{K) guarantees that these relative periodic orbits are 
not just relative equilibria. The symbol N{K) denotes the normalizer of K in G, 3lk ■ {Uua)K —>- I* 
is the momentum map associated to the free L :— N (K) / K -action on {Uv„)k, SJ^ denotes the natural 
isomorphism SJ, : ([)°)^' — > [*, and {N{K)/K)^ the coadjoint isotropy of X € I* (see Section \2.1\ for 
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more information about this notation). The symbol x(j£^(A) ("1(5^^(1)) ^ denotes the L\ x S^- 
Euler characteristic of JJ^^{X) H QJ^^{1) (which in this case equals the standard Euler characteristic of 
the symplectic quotient x(J^^(A) riQ]^^{l)/Lx x S^)). 

Remark 3.2 The main estimate (|3.1|l contains two parts. The first one, in terms of various dimensions, 
is in general easy to compute (see the examples below) and has been obtained via a cohomological esti- 
mate on the Lusternik-Schnirelmann category of certain symplectic orbifold. The second part involving 
the Euler characteristic is in general a sharper estimate but also much more difhcult to compute. The 
reader is referred to (30j for an example on how to compute these quantities. ♦ 

Remark 3.3 As we will see in the proof, the properties of the non trivial S'^-action on the space C/^ 
(normal form) imply that the number k in the statement of hypothesis (H2) is necessarily even. ♦ 

Examples 3.4 We illustrate with a few elementary examples the use of Theorem 13. II in specific situa- 
tions. 

(i) Nonlinearly perturbed spherical pendulum: the spherical pendulum consists of a particle of 

mass m, moving under the action of a constant gravitational field of acceleration g, on the surface 
of a sphere of radius I. We consider this system perturbed by an 5'^-invariant nonlinear term. If 
we use as local coordinates of the configuration space around the downright position the Cartesian 
coordinates {x, y) of the orthogonal the projection of the sphere on the equatorial plane, the (local) 
Hamiltonian of this system is: 

7 / \ Pt Py {"^Px yPv) /7t 9 9 / 2 2 2 2 \ 

h{x,y,Px,Py) ^ + 2mP "^5V' - - + ip{x +y + Py,xp^ + ypy), 

where the function (p is of order two or higher in all of its variables and encodes the nonlinear 
perturbation. This system is invariant with respect to the globally Hamiltonian S'^-action given 
by the expression ^g{x,y,Px,Py) — {Rg{x,y), Rg{px,Py)), where Rg denotes a rotation of angle 9. 
The momentum map J : R"* — > M associated to this action is given by J(x, y,Px,Py) = xpy — ypx- 
The point {x,y,px,Py) = (0,0,0,0) is an stable equilibrium of the Hamiltonian vector field Xh 
to which we apply Theorem 13.11 Indeed, the linearization of at the origin has two imaginary 
eigenvalues that are forced to be double by the symmetry of the problem. Consequently, the 
associated resonance space coincides with the entire M^. We now use the dimensional estimate 
in (|3.HI to look for RPOs with trivial isotropy. A straightforward dimension count shows that 
when K — {e}, the orbifold J~^(0) nQ~^(l)/S'^ x is zero dimensional and therefore hypotheses 
(HI) and (H2) trivially hold for the standard spherical pendulum {ip = 0) and for ALL non 
radial perturbations ip. Therefore, for any value of the momentum and the energy neighboring 0, 
there exists at least one RPO with trivial isotropy. An in-depth study of these motions can be 
found in |14| . 

(ii) The spring pendulum in three dimensions: the spring pendulum in space is a bob of mass 

TO under the action of a constant gravitational field of acceleration g attached to a spring whose 
length at rest equals I. The Hamiltonian function associated to this system is 

h(x,y,z,Px,Py,Pz) = ^{pI +pI+pI) - mgz + cr{x'^ + + (z - if ,pl + pi, z,pz). 

where cr is a smooth real valued function such that a{x-^ + y"^ + {z ~ l)^,Px + Py^ z,Pz) — |(a;^ -f 
y"^ -\-{z — 0^)+ terms of order higher or equal than two in the first two variables and strictly higher 
than two in z and pz- This system presents the same S*^ -symmetry as the previous example. The 
point (0, 0, l -I- ^,0, 0, 0) is a stable equilibrium where the linearization of the Hamiltonian vector 

field has two pairs of triple purely imaginary eigenvalues equal to ±| y'^. Hence, in this case, the 
resonance space is six dimensional. When there are no higher order terms in the expansion of the 
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function a we have a linear spring (which does not mean that its associated Hamiltonian vector 
field is linear) obeying Hooke's law with elastic constant k. In this case, the spring pendulum is 
too degenerate and does not satisfy hypothesis (H2). However, in the presence of generic non 
linear terms in the expansion of a, Theorem 13. II predicts the existence of two RPOs with trivial 
isotropy, for any value of the momentum and the energy neighboring the values at the equilibrium. 

(iii) An example with spherical symmetry: consider T*^^ ~ M"^ xM'' with the canonical symplectic 
form and the group S0(3) acting canonically by diagonal transformations. If we denote by (q, p) 
the elements of M'^ x M"^, the momentum map associated to this action is the standard angular 
momentum J(q, p) = q x p. Consider the Hamiltonian function: 

Mq, p) - «llpf + &llqf + /(llpllMlqf ,q • p), 

where a and b are real strictly positive constants and / is a function whose Taylor expansion only 
contains terms of order two or higher in its variables. The associated Hamiltonian vector field 
has a stable equilibrium at the origin and its linearization at that point exhibits one pair of triple 
purely imaginary eigenvalues that therefore have a six dimensional resonance space associated. 
We now look for RPOs nearby the equilibrium. The origin is surrounded by points with isotropy 
subgroup K either trivial or equal to a circle. When K — S^, the vectors q and p are forced to 
be parallel and therefore its momentum value equal to zero, hence there is only room for planar 
periodic solutions. When K = {e}, the vectors q and p are necessarily not parallel and therefore 
its angular momentum is different from zero. Now, for any momentum value /i e close to 
zero, the orbifold J^^A^) ^ Q{e}(l)/((S0(3))^j x S^) is zero dimensional because (S0(3))^ ~ 
consequently, any function / that depends non-trivially on q • p makes the Hamiltonian vector 
field associated to the corresponding h exhibit, by Theorem 13. II at least one RPO with trivial 
isotropy, for any value of the momentum and the energy neighboring the values at the equilibrium. 

Remark 3.5 Note that in the absence of symmetries and for non trivial manifolds, that is G = {e} 
and dim V > 0, the first part of the main estimate (|3.1(l reduces to 

^ (dime/. J, (3.2) 
which coincides with the conclusions of Moser's version of Theorem ll.il ♦ 
Remark 3.6 The main feature of the first part of the estimate H3.1|) . namely, 

i (dim U^^ - dim{N(K)/K) - dim {N{K)/K)^) 

is that it does not involve any dynamics, that is, neither the Hamiltonian h nor any of its byproducts are 
present in it. The kinematical setup of the problem, in our case given by the symplectic representation 
of G on V, fully determine the number of RPOs that can be expected around a stable symmetric 
equilibrium, induced by ANY Hamiltonian system that satisfies the hypotheses of the Theorem. 

This dynamical independence, that was already present in the non symmetric result of Weinstein 
and Moser H3.2|l . has a price in terms of sharpness, since in general, the Morse theoretical part of (|3.1|) 
involving the Euler characteristic is expected to give better results. ♦ 

Remark 3.7 Despite the one half in front of the first part of estimate (|3.1f) we always obtain an integer 
out of it. Indeed, is a symplectic vector subspace of the symplectic vector space U^^ , and therefore of 
even dimension. Also, the coadjoint orbit (N{K)/K) ■ A is also a symplectic manifold of even dimension 
equal to dim{N {K)/K)- dim {N{K)/K)^, hence - dim{N {K)/K)~ dim {N{K)/K).^ is necessarily also 
an even number. ♦ 
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3.2 Proof of Theorem HO 

The proof of Theorem 13. II is unfortunately quite long and technical. In order to make it more accessible 
to the reader I have divided it into several subsections that accomplish a self-contained task. 

The general strategy of the proof consists of characterizing the relative periodic orbits that we are 
looking for, through the use of the normal form theorem, as the critical points of an equivariant function 
on certain manifold. The orbit space of this manifold with respect to the natural group action that 
leaves it invariant is a symplectic orbifold (the group action is locally free) which allows us to implement 
the various critical point theory techniques that wc introduced in Section 12.41 

3.2.1 The manifold J^liX) D Q^^{1) 

We start the proof of the theorem by showing that for momentum values X £ I* nearby zero, the 
manifolds J^^, (A) and Q^^{1) intersect transversely and, therefore, the intersection forms a manifold. 
This manifold is important because it will constitute the numerator of the symplectic orbifold that we 
described in the previous paragraph. 

Proposition 3.8 Suppose that we are under the hypotheses of Theorem \3.1\ Let K CZ G be an isotropy 
subgroup of the G-action on U^^ and 3lk '■ iU^„)K — > be the momentum map corresponding to the 
free N {K) / K -action on {U^^)k- Suppose that the set J^^(O) H Q^{^) is not empty. Then, there is a 
neighborhood B{K) C 1* o/O in [* such that for any A S B{K): 

(i) J^"'^ (A) rh Q^^il) = J^"';(A) rtl Qj^il), that is, J^"';(A) intersect transversely with Q~'^{\) and with 

(ii) J^^, (A) n(3~^(l) = J^^ (A)n(3^^(l) is a compact submanifold of {Ui,^)k of dimension dim([/^^);f — 

dimN{K)/K -1 = dimU^^ -diinNiK)/K -I. 

(ill) The submanifold Ji^(A) n Q^^{1) = -^l^W ^ C {U^Jk does not contain any N{K)/K- 

relative equilibrium of the system (([^1^0)^:, ^|(;7„^)^o Qif)- 

Proof (i) Given that the A^(iir)/i^-action on {U^^)k is free, the momentum map J^^ is a submersion 
and therefore its level sets are always submanifolds of {U^^)k, and consequently of f/^^. At the same 
time, the definiteness of the quadratic form Q implies that its level sets are compact submanifolds 
of U^^ . We will show the transversality of the level sets in the statement by showing that J^^ (0) iti 
Q~^{1). Since the transversality is an open condition (see for instance the Stability Theorem in page 
35 of [221)) the result will follow for J^^(A) ftl Q'^{1), for A close enough to zero. In order to prove 
that JZi(O) ftl Q-i(l) we need to show that for each v G Jj^^ (0) fl Q ^(1), which by hypothesis is not 
empty, Ty(Uv^)K — TvJ~[l^{0) + TyQ~^{l). Since TyQ~^{l) has codimension one, it suffices to find a 
vector w G T„J^^^_(0) that does not lie in TyQ^^{l). This job is done hy w = ^|(_g v + tv £ Ty{Uu„)K 
since a straightforward calculation shows that, in one hand, T^Slk ■ w — Q because v G J^^(O) and, at 
the same time, dQ{v) ■ w = d'^h{0){v,v) = 2Q^{v) ^ 0, by the definiteness hypotheses on Q^, hence 

(ii) Since Jl^(A) n Q^^{1) = JZl-(-^) ^ Q^i^) ^ {Uv^)k is a smooth submanifold of U^^ and {U^^)k 
is a smooth submanifold of Uy^, then J^^^_(A) n (5^^(1) is a smooth submanifold of {Uy^)K- We show 
the compactness of J£^, (A) fl Q~^{1) by proving that it is sequentially compact, that is, any sequence 
{xn} C J^^(A) n Q~^{1) has a convergent subsequence in J^^^(A) fl Q~^{1). Indeed, since Q~^{1) is a 
compact subset of C/^^, there exists a subsequence {xn^} of convergent in Q^^(l), that is Xn^ — > /, 

with I G Q~^{1). Since {xn^] C J^^(A) for all Uk and J^^(A) is closed then I G J£^(A) necessarily, as 
required. The claim on the dimension is a consequence of the Transversality Theorem. 

(ill) We proceed by contradiction: suppose that the point v G {Uy^)K is a relative equilibrium of 
the system with velocity ^ G I. This implies that d {Qk — ) {v) = 0. The Lagrange Multipliers 



Juan-Pablo Ortega: Relative normal modes for nonlinear Hamiltonian systems 



13 



Theorem (taking ^ in Proposition 12. (jl as the Lagrange multipUer) implies that dQK{v)L , = 0. 
However, the transversahty J^^(A) ftl (3^^(1) imphes the existence of vectors w G kerT^J^^ that do 
not belong to TyQ~^^{l) and therefore dQ^iv) ■ w ^ 0, which represents a contradiction. ■ 



3.2.2 Normal form formulation 

As we already said, the main idea behind the theorem consists of using the normal form theorem and 
ProDosition l2.1l to reduce the search for RPOs with isotropy subgroup K to the search for periodic orbits 
of the Hamiltonian systems of the form {uj\vk, h^) with := h\v^ — Ji^- We will first apply the ideas 
introduced in Section 12.21 to construct a normal form for these systems that will set up the problem of 
this search for periodic orbits in terms of the search for relative equilibria of a S'^-action that we will 
describe in what follows. 

Firstly, consider the symmetric Hamiltonian system {V^ Tbj\yK ,h\yK ,N{K)I K,3i^k : — * [*). 
The RPOs of this system amount to RPOs of the original system whose isotropy subgroups include 
K. Let :— DXh\^^ (0) be the linearization at zero of the Hamiltonian vector field Xh\^^. By the 
hypotheses on Xh, the eigenvalues -izivo are in the spectrum of A^, and the corresponding resonance 
space is J7^. The mapping 9 E ^ \ijk generates a symplectic linear S'-'^-action on ([/^, wI^/k ), 

whose momentum map is given by -^Q^ . 

Consider now :— h\uK — J^jc , with ^ S [, as a [-parameter family of Hamiltonian functions on 
C/j^ in the sense of point (v) in Section Since for any ^ € I this family satisfies that (0) = 0, 
dh^ {0) = 0, and DXf^K{0) = DX^ ^ (0) = A\uk — is non degenerate, we can construct a normal 

form equivalent system whose 5'^-relative equilibria give us the periodic orbits of . Due to the 

fact that the N{K)/K and 5'^-actions on U^^ commute and that J^k is quadratic, the normal form 
can be chosen so that ^ 

hf = h\uK - J^^, 

with h\uK an N{K)/K x S'^^-invariant function on C/^ such that 

[u) = Q^{u) + l-d^h\uK (0)(u, u) + --- + ^,d^h\uK (0)(u('=)) + (higher order terms). (3.3) 

i^o 2 "° k\ "° 

3.2.3 The critical points of the normal form Hamiltonian and a blow up argument 

In the following lemma we evaluate the critical points of the restriction of the function h\ijK to the 
level sets of the form J^^_(A) fl Q^^(e), where A G B{K), the neighborhood of zero in [* introduced in 
Proposition 13.81 and e > is very small. Furthermore, a blow up argument will show that these critical 
points can be arranged in smooth branches. 

Lemma 3.9 Suppose that we are under the hypotheses of Theorem \cl.ll Then, the restriction of the 
function hk G C°°{U^J defined by hk{u) := -gd''h\^K {0){u^''^), to the level sets of the form J£^(A) fl 
Qk^Wj where A G B{K), the neighborhood of zero in [* introduced in Provosition SI has at least 



Cat (JZi(A) nQ^i(l)/(LA X ^1)) ,x(JZl.(A) nQ^i(l))' 



(3.4) 



distinct critical points. 

Furthermore, let Ao G B{K) C I* he arbitrary but fixed and let {ui, . . . ,Uk} be the set of critical 
points of the restriction of the function hk to the level set J^^, (Ao) fl Q^^(l), provided by Then, 
for each Ui, i G {1, . . . , fc}, there exist a neighborhood E' C M o/ the origin in the real line, a neighborhood 

C [* of Xo in I*, and a smooth function p: E x Vx^ Qk^{^) such that p(0, Ao) = Ui and also, the 
function v : E x — > defined by v{r, A) :— rp(r, A) satisfies that: 
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(i) v{r,X)€{U,jK iffr^O. 

(ii) Q^(w(r,A)) = r^ and J {v{r, X)) =r^X, reE,XeVx^. 

(iii) dh\ijK Ij-i ^^2;^')p(-QK-)-i(^2)(w(f', A)) — 0, that is, the branches w(r, A) are made of critical points of 

the restriction of the function h\ijK to the level sets J^i(r^A) H {Q^)^^{r'^)- 

Proof Firstly, note that the estimate H3.4|) is a straightforward consequence of Proposition 12.21 1)2. 7|l . 
and the invariance properties of ■ 

We now prove the existence of the branches in the statement. Let uq be one of the critical points of 
the restriction of the function hk to the level set JJ^^ (Xo) (IQ]^^ (1) , provided by 1)3. 4|l . The transversality 
of Jlk ^-i^d Qk implies the existence of a very convenient coordinate patch around uq in Q^^(l). In 
order to construct it, let us show first that the restriction Jl^ lQ"i(i)nJ"^ (b{k)) ^ submersion onto 

its image. Indeed, for any u e (9x^(1) H J^], we have that 

dimlm (t'mJla- |Q-.i(i)nj-i (b{k))) = dim (kerT^Qx) - dim (kerTuJ LkIq^^i)) 
= dim C/^ - 1 - dim {kcr TuJlk ^ kerT^Q^) 

= dimC/^' — 1 + dim {kevTuJ + kevTuQ^:) ~ dim {kevTuJ Lk) ^ dim (kerTuQ^f ) 
= dim r , 

as required. In the last equality we used that since u G JJ^^(B{K)), then kerT„Ji^ rtl keiT^QK, 
and therefore dim(kerr„Ji^ + kej:TuQK) = dimf/j^. In these circumstances, the Local Submersion 
Theorem (see for instance [2 Theorem 3.5.2]) implies the existence of a neighborhood of Ao in 1*, a 
neighborhood W of the origin in R®, with s = dim C/^ — dim [* — 1, and a mapping f : Vx^ xW ^ (5^^(1) 
that is a diffcomorphism onto its image, such that: 

(p{Xo,0) = UQ and Jl^ (<^(A, w)) = A, XeVx^,w eW. (3.5) 

We will further improve this coordinate patch around uq by "factoring out" the x S'^-action in it. 
Indeed, since the Lie group x 5*^ acts on Q^^{1), we can induce a local action of this group on 
X W by declaring ip to be equivariant, that is, for any g = (/, 9) £ x 5*^ close enough to the 
identity we define g ■ (A, w) :— (p~^ {g ■ (p{X, w)) . Note that by the very definition of this action and 
by (|3.5|) . we have that 

Ji,, Mg ■{X,w)))= M^-'ig ■ ^((A, wm)= Ji, (5 • ^{X, w)) ^ I ■ J^,, (^(A, w)) ^ I ■ X, (3.6) 
consequently 

g ■ (A, w) = {1, 9) ■ (A, w) = {l- A, <I>(g, A, w)), (3.7) 

for some smooth function $. The dot in / • A denotes the coadjoint action of on I*. Note that 
in (|3.6|l we used the cquivariance of Ji,^ with respect to the L^^ -action that was inherited from its 
L-equi variance, as well as the invariance of J^^ with respect to the iS^-action which is justified, via 
Noether's Theorem, by the fact that this action is induced by a Hamiltonian flow associated to a 
L-invariant Hamiltonian, namely . 

Using these remarks we are now going to construct a slice for the local x S'-'^-action on x W 
that goes through the point (Ao, 0). Firstly, it is easy to see by using 1)3.7)1 that 

T(x.fi) ((^Ao x5i)-(Ao,0)) ={0}x W^', 

where W C is a vector subspace of W . The remarks that we made in Section 12.11 about the 
construction of the slices implies the existence of a smooth mapping ^ diffeomorphic onto its image of 
the form 

^ : T4„ X [/ ^ Vx^xW 
(A,m) I — > (A,?7(A,u)) 
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whose image (shrinking Va„ if necessary) is a local slice through (Ao, 0) for the local i^o x S'^-action on 
^ The set U is an open neighborhood of the origin in a vector space isomorphic to W/W and 
rj : Vx^ X U ^ x is a smooth map such that r?(Ao, 0) = 0. 

In these circumstances, the version of the Slice Theorem that we presented in Section 12.11 implies 
the existence of a local cross-section a : Z C ^ /{L^^ x S'^)uo Lx^ x 5*^ of the homogeneous 
space I/Ao X /{Lx^ x S^)uo, and a smooth map F of the form 

F: ZxVx^xU Q-^\l) 

{z,X,u) I — > a{z) ■ ip{X,r]{X,u)) 

that is a diffeomorphism onto an open set of (9/^^(1) that contains uq. 

We will now use this coordinate patch to obtain the branches v{r, A) whose existence we claim in 
the second part of the statement. We start by setting up the problem in polar coordinates since it is 
a polar blowing-up argument what will give us the result. Let 2n be the dimension of the symplectic 
vector space U^^. We will denote by S^"~^ the sphere in U^^ obtained by using the norm associated to 
the definite quadratic form . We now define the blown-up Hamiltonian /i^ : R x as: 

h^r, u) (ru), r e M, u £ 5^""^ 

When the variable it is in a neighborhood of uq, we can use (|3.8|l to give a local expression for h'' 
in Z X Vx^ X ?7- variables; let /i''' : K x Z x Va^ x J7 ^ K be the local expression of the blown-up 
Hamiltonian, defined by 

h'\r, z, A, u) := h\r{a{z) ■ ip{X, r,(A, u)))) = (r(a(z) • ^(A, ??(A, u)))). 

Notice that the G-invariance of the Hamihonian h imphes that 

h'\r, z, X,u)^h\^ (r(a(z) ■ ^(A, 7j{X, u)))) = (r^(A, f]{X, u))) = h'\r, A, u), 

that is, /i'^ does not depend on the Z-variables. The main advantage of the use of these coordinates is the 
fact we can search for the critical points of the restriction of h\ijK to the level sets J7i(A) fl {Q^)^^{t) 
by looking for the triples (r, A,-u) G M x Vx^ x U for which Duh^^{r,X,u) = [Duh^^ denotes the 
partial Frechet derivative of h''^ relative to the {/-variable) . More specifically: Duh}^{r, A, u) = iff the 
restriction of h\ijK to the level set J7i(r^A) fl {Q^)~^{r) has a critical point at r^p(X,i](X,u)). Using 
now hypotheses (HI) and (H2) on the Hamiltonian h we can write 

/i"'(r, A, u) = 7-2 + air"^ + a^r^ + • ■ • + ak-2r^~^ + r^-'/ife (A, u) + o(^^ A, u), (3.9) 

where 04,0:6, . . . , afc-2 are real coefficients and h^^{X,u) := ^fe((y9(A, 77(A, u))). Expression (|3.9(l can be 
rewritten of the form 

ft."'(r, A, u) - - a4r^ - a^r^ afe-2?''°"^ = r'^gir, A, u), 

with g is a smooth function on his variables such that 

Dug{r,X.u)^0 if and only if D[//i"'(r, A, u) = 0. (3.10) 
The Taylor expansion of g on the r variables around r = has the form 

5(r, A, u) = /ifc (A, u) + o(r. A, u) = hk{(p{X, r]{X, u))) + o{r, A, u) 

Notice that 

5(0,Ao,0) = /ife((^(Ao,77(Ao,0))) = hk{uo), 

and that 

DugiO, Ao, 0) = Duh'^iXo.O) = dhk{uo) ■ {Dw'fiiXo.O) ■ Duvi^^O)) = 0, 
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since Dvy(^(Ao,0) • Dur]{Xo,0) maps into ?^„o(J^^(Ao) n QJ^{1)), which, by the choice of uq hes in 
the kernel of dhk{uo) (recall that uq was chosen to be a critical point of the restriction of hk to 
•^Lk^^°^ ^ Qx^i^))- Moreover, it is easy to see that for any pair u,v £ U: 

Dug{0,Xo,0){u,v) = (fhk\j-i^^^^-j^Q-^i(^^^{uQ){Dw(p{Xo,0)-Duv{>^o,0)-u,Dwip{K,0)-Dur]{>^o,0)-v). 

The {N{K)/K)\ x S'^-Morse condition on hk\j-i )nQ"^(i) ™plies that Dfjg{0, Ao, 0) is a non degener- 
ate quadratic form since the image of the linear mapping Dw^{Xo, 0) • Dijri{Xo, 0) : U ^^moC^lI- i-^o) H 
Qk^W) is ^ vector subspace of Tlj^ (J£^^ (Ao) n Qj}{l)) that, by construction, is complementary to 
Tuo{{L\^ X S^) ■ Uq). In this situation the Implicit Function Theorem guarantees the existence of a 
function u : E x — » U (shrink if necessary) with E cM. sl neighborhood of the origin in M, such 
that 

Dug{r,X,uir, A)) = 0, 
which, by (|3.10|l is equivalent to having Djjh^^ir, A, u(r. A)) = and consequently 



dh 



l(7fJj-],(r2A)n(Q^^)-i('-)('''^(-^''^(^'"(^''^)))) ^ 0- 

The claim of the Lemma follows by taking p(r, A) :— ip{X,ri(X,u{r, X))) and f(r. A) :— rp{r,X) — 
r(p{X,rj{X,u{r, X))). ■ 

3.2.4 Lagrange multipliers and RPOs 

We now show that the branches of critical points found in Lemma 13.91 amount to RPOs of the original 
system. 

Let now Ao G [ and v{r,X) (with v : E x Vx^ ^ U^J be one of the branches of critical points 
of the restriction of the function h\^K to the level sets J7i(r^A) fl iQ^)~^ir'^) provided by 13.411 . 
Proposition 12.61 guarantees, for each v{r,X) the existence of a multiplier (A(r, A), c(r. A)) G I x R such 
that: 

dh\^{v{r,X))=c{r,X)dQ''{vir,X))+d3l^:-^\v{r,X)), (3.11) 
which implies that the point v{r, A) is a periodic point of X . If we are able to show that A(r, A) can 

A(r,A) 

be made very small so that we can use the Normal Form Theorem, all these periodic points will amount 
to periodic orbits of X , jA(r,>.) and, by Proposition l2.1l to RPOs of Xh- We will prove this point by 

pairing both sides of H3.11|l at the point u(r, Ao) with the vector w\ := I?a'^('', Ao) • A, A G I* arbitrary, 
and taking into account that by the very construction of the function v{r,X), J/^jc (w(r. A)) = r^A, for 
any r G E and any A S Vx^ . Indeed, 

dh\^ iv{r, Ao)) • wx = c(r, Ao)dQ^(z;(r, Ao)) • wx + dJ^L!''^°)(w(r, Ao)) • wx. (3.12) 

Note first that dQ^{v{r, Ao)) ■ wx ^ for all A G I*. Also, 



dJ^i^'"°)(«(r,Ao))-u;A= I 



J^L''^°^(«(r, Ao+tA)) 



t=o 

d 

~ di 



(r2(Ao+iA),A(r,Ao)) =r2(A,A(r,Ao)). (3.13) 



This equality implies, together with hypotheses (HI) and (H2) that the multiplier A(r, A) is a smooth 
function in its variables A : E x Vx„ [ since it can be written as a composition of smooth functions, 
namely 

A(r, A) = ^dh\^ {vir, A)) • Dxv{r, A). (3.14) 
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Even though in the previous equahty it seems that there is a singularity at r = we sec in what fohows 
that it is not the case. Indeed, by hypothesis (H2) we can write 

{vir, A)) =r^ + ay + + ■■■ + afe-a^'^"' + r^hk{p{r, A)) + o(r^ A), (3.15) 

where 0:4, Uq, . . . , ak-2 a-re real coefficients. It is easy to see from (I3.15f) that for any 7/ G I* 

Ah\uK{v{r,X)) -Wri ==rM/ife(p(r, A)) • L'Ap(r, A) • 77 + o(r^ A). 

Given that by hypothesis (H2) A: > 4, expression (|3.14|) can be rewritten as 

A(r, A) = r''-^dhk{p{r, A)) • Dxp{r, A) • + oir^-^X), 

where the smoothness of the function A(r, A) is apparent as well as the fact that A(0, A) = 0. These 
two points together imply that the multiplier A(r, A) can be made as small as we want by taking r 
sufficiently close to the origin, as desired. This allows us to use the Normal Form Theorem to conclude 
that for r small enough, the RPOs of h\ijK amount to RPOs of the original system. 

We will now prove that the RPOs that we just obtained have relative periods close to T^^ by showing 
that as r tends to zero, the multiplier c(r. A) approaches to 1. We prove this point by pairing both sides 
of H3.11|l with the vector u := Drv{r,X) ■ 1. First of all 



dQ^(i;(r, X))-u 



d 
dt 



Q''{v{r + t,X)) 



t=o 



d_ 

dt 



(r + tf = 2r. 



(3.16) 



Also, 



dJ^ir'^)(.(r,A))...= | 



(JiK(«(r + i,A)),A(r, A)) 

- A 
~ 'dt 



((r + tfX, A(r, A)) = 2r(A, A(r, A)). (3.17) 



From expression 13.15(1 it is easy to see that dh\uH {v{r, A)) ■ u = 2r + o{r, A). This equality, together 
with ((3.16|l and H3.17|l imply, when substituted in ((3.11(1 paired with u that 

l-c(r. A) = (A,A(r,A)) +o(r. A). 

Since A(r, A) ^ when r tends to zero then c(r. A) ^ 1 as r — » 0, as claimed. 



3.2.5 Dimensional estimate of the Lusternik Schnirelmann category 

In order to conclude the proof of the theorem we will give a dimensional estimate of the first part of the 
estimate on the branches ((3.4(1 whose relatively periodic character we just proved. In order to obtain 
the claim ((3.1(1 in the statement of the theorem we just need to show that 

Cat (JlliX) n Q^1(1)/(La X > i [dim([/,jK - dim(iV(i^)/i^) - dim{N (K) / K) . (3.18) 

We will prove this inequality with the help of Proposition taking in its statement J^^, (A) n QX'^(l) 
as the submanifold N and Lx x the subgroup K. Given that the mapping J^^ x -^Qk is the 
momentum map corresponding to the N(K)/K x S^-action on {Uu^)k, the Reduction Lemma (see for 
instance lU Lemma 4.3.2]) guarantees the technical hypotheses ((2.311 . namely: 

{T,{3ll{X)r^Q-^\l))Y = (kcrT,(JL,, x —Qk))^ = T,{{N{K)/K x S^) ■ z), as well as. 
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T,(J^i (A) n Q],\l)) n T,{{N{K)/K x S') ■ z) - T,((La x S^) ■ z), 

for any z G J£^. (A) n (5^^(1). In order to apply Proposition 12.31 we need the isotropy subgroups of 
any point in J£^(A) fl Q~^^{1) to be a finite subgroup of L\ x S^. This is so by the freeness and the 
local freeness of the L\ and S'^-actions on {Uu„)ki respectively, and by the fact proved in the third 
part of Proposition that J^^(A) fl Q^^(l) does not contain any N [K) / K-relaihre equilibria of the 
system {{Uy^)Ki ^\(u^^)k^Q\{u^^)k) ^^^^ would be the only elements that could make the L\ x S^-action 
not be locally free. Consequently, by Proposition 12.31 there is a cohomology class 9 G ii'^(J^^(A) fl 
Q^^(1)/(La X S'i);M) such that 9'^ ^ 0, with k = i(dim(J^^(A) ng^^(l)) -dim(LA x S^)). Therefore, 
the cuplength of Jl],(A) n Qjl{l)/{L\ x 5^) is at least 

i [dim (Jzi,(A) n Q^i(l)) - dim La - l] = ^ [dim(C/,jK - dimL - dim La - 2] , 
and hence. Proposition 12.41 establishes the inequality H3.18|l . which concludes the proof of the theorem. 



Remark 3.10 The choice of the neighborhood B{K) in Proposition 13.81 guarantees that the RPOs 
that we found in our theorem are nontrivial, that is, they are not just relative equilibria. Indeed, when 
A e B{K), the level set of Q](^{1) intersects transversely the level set J^^_(A), which in part (iii) of 
Proposition 13 .81 allowed us to prove the inexistence of relative equilibria of the Hamiltonian vector field 
Xqj^ with respect to the iV(i4r) /X-symmetry in J^^ (A) n Q]^^{1). Since the Hamiltonian )^ can 

be considered as a perturbation of Qk for vectors of norm r small enough, the transversality (which is 
a stable property) of )jf ^^^^ respect to J^^(r^A) is still valid, and therefore the inexistence of 
A^(Lf)/Lf-relative equilibria in J^^(r^ A) n ^^(r) as well. ♦ 

Remark 3.11 Even though the hypothesis (HI) appears in the proof of the theorem as a technical 
necessity, it turns out when it fails, the existence of genuine RPOs that are not either relative equilibria 
or plain periodic orbits is not possible. Indeed, suppose that the restriction h\(jK is purely radial. In 
that case, h\uK is directly in normal form and there exists a real smooth function / : M — M such that 
^\u^ — fiQ^i'v)), V G U^^. In these circumstances, expression (|3.11|l reduces to 

/'(Q^(^>(r, X)))dQ^{v{r, A)) = c(r, X)dQ^{v{r, A)) + dj'^^;'^\v{r, A)), 
which amounts to 

A(r-,A)/'(Q^(^-(r,A))) 

dh\uK {v{r, A)) - djf «"<"<-^»'-^'-^' {v{r, A)) = 0, 

that is, in the absence of hypothesis (HI) v{r, A) is a branch of relative equilibria of the Hamiltonian 
vector field associated to h (the reader interested in the technology for searching relative equilibria in the 
hypotheses of Theorem 13. II or even weaker, can check with JT,|5Q, and references therein). Note that 
a trivial corollary of this comment is that if h is just quadratic and therefore its associated Hamiltonian 
vector field is linear, then there are no genuine RPOs associated to its dynamics. On other words, the 
relative periodic orbits around stable equilibria are purely non linear phenomena. ♦ 

3.3 Relative periodic orbits with prescribed spatiotemporal symmetry 

In the statement of Theorem 13.11 we optimized the search for the RPOs of our system by looking for 
them within the fixed point spaces corresponding to the isotropy subspaces of the G-action on U^^ . In 
Section we showed that the resonance space U^^ can actually be endowed with a G x 5'^-symmetry 
which obviously contains more isotropy subgroups than merely the G-symmetry and that we could 
therefore utilize to obtain additional relatively periodic solutions. However, the reader should not forget 
that the S^-symmetry is a feature owned solely by the system in normal form; the real system that 
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we are dealing with is not S'^-symmetric. This fact does not pose a problem since the morphism that 
relates the S'^-relative equilibria of the normal form equivalent system to the periodic orbits of the 
original system transforms the S'^-symmetry of the normal form Hamiltonian into a S'-'^-symmetry of 
the periodic solutions of the original system. The G x S'^-action on the T^^-periodic solutions is defined 
as (5, 9) ■ u{t) := g ■ u{t + ||), where m : R ^ is a smooth function such that u{t + T^J = u{t). 

The use of the isotropy subgroups of the G x S^-symmetry of the normal form equivalent system 
has been very fruitful in the symmetric bifurcation theory (see [50] for a taste of it). 

In this section we will generalize Theorem 18. II to the search of RPOs which, as solutions, have as 
isotropy subgroup a nontrivial subgroup of G x . Before we get into the statement and proof of this 
generalization we study in detail the G x S'^-action and its subgroups, and we explain in detail what 
we mean by nontrivial subgroups. 

All along this section we will assume that the G-action on the resonance space U^^ is Gsimple, 
that is, [/j/g contains a G-stable subspace which is either non absolutely irreducible or is isomorphic 
to the direct sum of two copies of the same absolutely irreducible representation. In the Hamiltonian 
symmetric framework, this hypothesis occurs generically |15l Theorem 3.3]. Under the G-simplicity 
hypothesis we have the following result whose proof can be found in 20, Proposition 7.2, page 300]: 

Proposition 3.12 Let H CZ G x be an isotropy subgroup of the G x -action on the resonance 
space Uu^ ■ Let tt : G x G be the projection on the first factor and K 7r(_ff) C G. Lf the G-action 

on is G -simple, then: 

(i) -K : H K is an isomorphism, hence dimiZ = AmiK. 

(ii) There is a homomorphism dn ■ L[ ^ such that 



Notice that, in the language of the previous proposition, the isotropy subgroups K of the G x 5^-action 
on U^^ considered in Theorem l3.1l are those for which the homomorphism 9h is identically zero. These 
are the so called spatial symmetries. The isotropy subgroups for which 6h is different from zero are 
called spatiotemporal symmetries, and they will be the subject of this section. The homomorphism 
9h will be called the temporal character of H and its derivative at the identity pn := T^Oh E i* the 
temporal velocity of H. The symbol t denotes the Lie algebra of K and 6* its dual. The temporal 
velocity allows us to express the Lie algebra f) of iJ in a very convenient form: 



We are now in position to state a generalization of Theorem 13.11 that incorporates spatiotemporal 
symmetries. 

Theorem 3.13 Let (V,Lu,h,G,3 : V — > q*) be a Hamiltonian system with symmetry, with V a vector 
space, and G a compact positive dimensional Lie group that acts on V in a linear and canonical fashion. 
Suppose that h{0) — 0, dh{0) — (that is, the Hamiltonian vector field Xh has an equilibrium at the 
origin) and that the linear Hamiltonian vector field A := DXfi{0) is non degenerate and contains ±Wo 
in its spectrum. Let U^^ be the resonance space of A with primitive period T^^ := Consider the 

G X -action on U^^, where the -action is induced by the semisimple part of A, and the Lie group G 
acts simply on U^^ Let H — {(fc, Onik)) | fc G -fC C G} C G x be an isotropy subgroup of the G x S^- 
action on U^^ with temporal character 6^, temporal velocity 6 6*, and such that the quadratic form 
on the H-fixed point space defined by 



H = {{k, 6H{k)) eGxS^\keK}. 



(iii) 



N{H) = Ng{K) X 51. 



f) = {(k, TeOHin)) G e X R I K e = {(k, {pH, k)) G t X R I K e t}. 




h{0){v,v), 



veU,_ 



rH 
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is definite. Then, for any Xo € for which (^Xo — '^Ph^ H is nan empty (Qh ■= 

Q^\(U^^)h) there exists an open neighborhood V^^ of Xo in such that for any x G V^xo 7 inter- 

section 3\^j^ (^X~ '^Ph^(^Qh^{^) is a submanifold of {Ui,^)h of dimension dimU^^ —dim.N{H)/ H . 
Suppose that the following two generic hypotheses hold: 

(HI) The restriction h\ijH of the Hamiltonian h to the fixed point suhspace U^^ is not radial with respect 
to the norm associated to . 

(H2) Let hk{v) := p-d'^ft,(0) (u'-'^^), v e [/^ be the first non radial term in the Taylor expansion of 
h\ijH around zero. We will assume that k>A and that the restrictions of hk to the submanifolds 

•^la/lo)H - ^.P") ^ Qff'(l)' X e K,o, are {Ng{K)p„ H Ng{K)^) x S^-Morse. 

Then, for any e > close enough to zero, x ^ 7 and A — -^PHi 7^); there are at least 



i {dimU^^ ~ dim Ng{K) - dim iNG{K)p^ n NciK)^) + 2 dim K) ,XE (EJ^^^IA))' 



(3.19) 



2 

distinct relative periodic orbits of Xh with energy e, momentum e{x — ■^Ph) £ Q* , isotropy subgroup 
H, and relative period close to Tj^^. By definition EJ^^(A) :— J|^ )ff(x ^ ^Ph) H Q^^{svo) and 

L\ :— (^(NG{K)spfj n Ng{K)^) x S^) . The symbol xe (EJ^^(A)) ^ denotes the L\-Euler characteris- 
tic 0/ EJ^^ (A) (which in this case equals the standard Euler characteristic of the symplectic quotient 
XEiE3lli\)/L^)). 

3.4 Proof of Theorem I^TT^ 

In the sequel we will think of the Lie algebra t and its dual t* as subspaces of g and g*, respectively, by 
choosing in g an Ad7VG(i<')~invariant inner product (•, •) and making g = 6 © m, with m the orthogonal 
complement to t in g with respect to (•,•). If we use the inner product dual to (•, •) we can write 

g* = rem*. 

We start the proof with the following proposition that provides several important facts about the 
temporal velocity and its relation with the Lie algebras f) and t oi H and K, respectively: 

Proposition 3.14 Let H C G x be an isotropy subgroup of the G x -action on the resonance 
space Uy^, where the G-action on U^^ is G-simple. Let K := 7r(i7) C G, Oh be the temporal character 
of H , and pn '.— T^Oh G i* be its temporal velocity. Then: 

(i) PH e (r)^^ 

(ii) l)° = {{-spH + X, e 0* X R I s e R, X e P} = {{-spH + ^i,s) e g* xR \ s e M, p e m*}, 

where f)° denotes the annihilator 0/ f) m g* x R and i° that of i in g* . 

(iii) (()°)« - {{-spH + X, s) e r X M I .s e M, X e (r)^} 

Proof (i) It is a consequence of the fact that the temporal character 9h is a homomorphism. Indeed, 
for any k ^ K and 7y G B we have that 

d 



{Adl-ipH,ri) = (pH, Adfc-i?]) TeOn ■ Ad^-irj 



Onik ^e:iq)tr]k) = TeOn ■ V {ph,ii)- 



(ii) Recall that we think of i* as a subspace of g* by means of the splitting g* — t* (Bm* . By definition: 

f)° = {(?7,s) eg* xR| {r],K) +sT^0H ■ K = 0,yKet} 

= {('y, s) e 0* X K I (77 + spH, k) = 0, Vk e 1} 

= {{ri-.s) e g* X R I r; + sp e r} 

= {{-spH + X, 5) e 0* X R I s G R, X e «°} 
= {{-spH + At, s) e g* X R I s e R, /I e m*}. 
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(iii) It is a straightforward consequence of the definition and the use of (i). ■ 

We now study the globally Hamiltonian character of the G x S'^-action on the resonance space U^^. 
The momentum map associated to this action is 

EJ : s* X Lie(^i)* 

V ^ {^\u.Av),^QaM), 

where Qa, is the quadratic form ^llj{As-, •) associated to the semisimple part As of the linearization A of 
the Hamiltonian vector field Xh at the equilibrium. As a particular case of what we saw in Section l2.1l 
we have that the globally Hamiltonian G x S'^-action on 11,^^ induces, for each isotropy subgroup 
H C G X globally Hamiltonian actions of L := N{H)/H on {Uiy^n and L/^ with momentum maps 
EJ^ff : C/^ r and EJ^^j : {U^^h '* associated to these actions given by 

^3lh{v) = S*(EJ(t;)), EJ^^(«) = S*(EJ(t;)), 

where S* : (f)°)^ I* is the natural A^(iJ)/iJ-equivariant isomorphism between the _ff~fixed points in 
the annihilator of [) in g* x M and the dual of the Lie algebra [* of N{H)/H. 

Note that since the N (H) / H-a.ction on {Uu^h is free, the corresponding momentum map EJ^^ is a 
submersion onto its image. Let A : (f)°)^ {1°)^ x M be the isomorphism defined by /S.{—spH + Xi s) — 
(x, s). The mapping E J jvjc : [U^^h — * x M defined by EJ^r^- :— AoEJ|([/^^-)^ is also a submersion 

onto its image that more specifically maps, for any v G {Ujy^H, as: 

E3n^{v) - A o E3{v) = A (jiv), -Qh{v)) = f J(f) + —Qh{v), -Qh{v)) ■ 

The following proposition justifies the notation utilized in the statement of the theorem and provides 
the proof of a few facts that will be needed later on: 

Proposition 3.15 We use the notation introduced in the previous paragraphs. Let A G [* 6e an element 
in the image o/EJ^^ such that A = 'E.*{—spH + Xj s), for some s G M and some x G (6°)^. Then: 

(i) EJi^(A) = EJjv^(x,s) = J|(f^^_ j^(x - sph) D Qh^{svo). EJ^^(A) is a submanifold of [U^Jh of 

dimension 

dimU" - dimNaiK) + dimK - I. (3.20) 

(ii) The coadjoint isotropy subgroup L\ d L of X & I* can be written as L\ ~ {Nq{K)sp^ fl Nq{K)^) x 

S^/H, where Ng{K)sph and Ng{H)^ are the stabilizers of spn G 6* C g* and x G (6°)^ with 
respect to the coadjoint action of Nq{K) on q* . 

(iii) The quotient 'E32^(X)/ L\ is a symplectic manifold of dimension 

dim[/^ - dimL - dim La = dimC/^^ - dimA^G(-ft^) - dim{NG{K)spH Ci Ng{K)^) - 2 + 2dimi^. 

(iv) Let Xo G be an element in such that the set S^^ := Jj^^J (^Xo ~ -u;Pii) ^1 Q//"^(l) 
is non empty and by part (i) a submanifold of dimension yd.2U\) . Then, there is a neighborhood 
^Xo o/Xo in (e°)^ such that for any x G V^^, the set := M'{u^^)h ^ ^P"^ ^Qu^i'^) «^so 
nonempty and therefore a manifold of (U^^h of dimension 1^3. 2U\) . 

Proof (i) Notice that if A = S*(— sp/f + x, s), then 

^\lL)H^^ - 'P"^ ^ Q'aM^'^) = EJ^L(X,5) = EJ|-J^^^)^(x - spH,s) - EJ|-J_^^)^((S*)-i(A)) (3.21) 

= (S*oEJ|(^„jJ~'(A)=EJ^i(A). 
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Given that EJ^,^ is the momentum map associated to a free and proper action it is a submersion and 
its level sets are submanifolds. Therefore (|3.21() has as a corollary that (x — sph) n Q^^{si'o) is 

a submanifold of (U^Jh of dimension dim{U^jH - dim N{H)/H. Now, as N{H) = Ng{K) x 5"^ the 
expression H3.20I) follows. 

(ii) Since S* is A^(i?)/iJ-equivariant, we have that an arbitrary element {I, 6)H G N{H)/H is actually 
in the isotropy subgroup {N{H)/H)\ iff n ■ {—spn + x) = —spn + X- Given that pn G £*, x G m*, and 
t* and m* are NG{K)-stab\e, then n ■ {—spn + x) = ^spn + x iff ' {^^Ph) = —spH and n ■ x — Xi 
that is, iff 71 e Ng{K)sp^ D Ng{K)x- Therefore, 

{N(H)/H)^ = (TVgWsph niVG(X)x) X S^/H. 

(iii) It is a straightforward consequence of the Marsden-Weinstein Reduction Theorem and points 
(i) and (ii). 

(iv) Let Ao = S* {xo - ■^Ph,^Ph^ e t*- By (i), S^^ = EJ^^(Ao). Since EJ^^^ is the momentum 
map corresponding to a free action on {U^^)h and therefore a submersion onto its image, the mapping 
T„EJij:j : T^{Uu„)h — ^ [* is surjective, for any v G S^^ = EJ^^ (Ao). The Local Onto Theorem (see for 
instance 2 , Theorem 3.5.2]) implies the existence of an open neighborhood of Ao in [* and an open 
neighborhood Uy of v in {U^Jh such that the mapping EJ^^Ic/^ : Uy — > Wx^ is onto. In particular, for 
any A G Wx^ , the level set EJ^^ (A) is non empty and, by the submersion argument is a submanifold 
of {U^^)h of dimension (|3.2l)|) . We now construct the open neighborhood Vx^ of Ao whose existence we 
claim in the statement of the Lemma. Firstly, the set T defined by T := Ao (S*)~^(H/a<, ) C x R is 
an open neighborhood of (xo, ^Ph)- By the openness of T, there exist open neighborhoods V-^^ C (F)^ 
and Wj_p^ C M, of Xo and -^PHi respectively, such that V^^ x Wj_p^ C T. V^^ is the neighborhood 
needed in the statement. ■ 



We now prove a result that constitutes the spatiotemporal analog of Lemma [3.91 Let h\uH be the 
equivalent Hamiltonian in normal form associated to h\jjH . 

I'O 

Lemma 3.16 Suppose that we are under the hypotheses of Theorem Then, the restriction of 

the function hk G C°°{U^^) defined by hk{u) := ^d'^/ij^ff (0)(u^'^^), to the level sets of the form 

J|^ )7f ('''•" v~Pii^ ^ Q^{^)j where x sits in V^^, the neighborhood of Xo G (6°)^' introduced in 
the previous Lemma, has at least 



i (dimL/,^ - dimiVG(i^) - dim {Ng{K)p^ n NgIK)^) + 2 dim K),xe (EJ^^(A))''^ 



(3.22) 



distinct critical orbits, where A :— ^*(x ~ 'J'Ph, -j-) md xe (EJ^^(A))^^ denotes the Lx~Euler char- 
acteristic o/EJ^^(A). 

Furthermore, let x' G V^o ^ (6°)^ be arbitrary but fixed and let {ui, . . . ,Uk} be the set of critical 
points of the restriction of the function hk to the level set J|(^ -j^ ^x' ~ '^Ph^ ^ Qh^(1); provided 
by l^c/.2^) . Then, for each Ui, i G {1, . . . , fc}, there exist a neighborhood E G of the origin in the real 
line, a neighborhood Vy C Vx^ C (6°)^ of x' {^°)^ , o-f^d a smooth function p : E x V^i — > Q^^{1) 
such that p{0,x') — Ui and also, the function v : E x V^' U^^ defined by v{r,x) ■— fp{f:X) satisfies 
that: 

(i) v[r,x) e (f/.J// ^ffr^O. 

(ii) g^(i;(r, x)) = r2 and 3{v{r, x)) ^r\x- ^Jh), r&E,x^V^,. 

(iii) dh\uH\j^--i^ ^^(r2(^__Lp^))nQ„i(r2)(^'(''.x)) = d/i|t/H |j,j^i^(^2^^z£)(^'(^>x)) ==0, thatis, thebranches 
v{r, x) o.^^ made of critical points of the restriction of the function h\uH to the level sets 
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Proof The estimate (I3.22f) is a straightforward consequence of Proposition 13.151 Corollary 12.51 the 
statement (|2.7|) . and the invariance properties of hk- 

We now construct the branches v{r,x) in a fashion similar to Lemma [3.91 Let x' £ (6°)^ 
be arbitrary but fixed and let uq be one of the critical points of the restriction of the function h^. to 

the level set J|^ ^x' ~ ItPh^ ^QH^i^)i provided by (|3.22|l . Since by Proposition 13 . 1 51 any element 
of the form (x, tt) with x G ^ regular value of EJjv^, there exist neighborhoods V^' C V^^ 

of x\ Wj_ of in M., W of the origin in R*, with s = dimJJ^ — dim{i°)^ — 1, and a mapping 
4> '■ Vx' X ly X W _y_ — > which is a diffeomorphism onto its image. The mapping -0 satisfies that 
'0(x'jO, tt) — ""0 and EJ^v^ w, 0) — (x^Oi which is equivalent to having that J(-0(x7 0) — 
X ~ ^P-ff and QniipiXi^J)) = ^'^o- Let : V^jj,' x ^ '9//"'^(l) be the mapping defined by (Xjw) i — > 
iP{XtW, ij-). This map constitutes a local chart around the point uq in Qjj^{l). Exactly as we did in 
Lemma [3.91 we can factor out the {Ng{K)p^ n Ng{K)^i) x iS^-action in this chart which allows us to 
prove the Lemma by mimicking what we did in the proof of Lemma 13.91 starting from expression H3.6|l . 
■ 

Let now x' G Vxc and v : E x V^' U^^ be one of the branches introduced in Lemma [3. 161 By 
construction, 

^lj|-4,^(.^(x-^P„))nQ-(r^)('^(^.x)) = dh\uH\^^-r^^^,^,.^iv{r,x)) = 0. 

Since EJnk rnaps into x M, the Lagrange Multipliers Theorem guarantees the existence of an 

element A(r, x) e {{^°)^)* and c(r, x) £ K such that 

dh^ {v{r, A)) = [c{r, A) + (pn, A(r, A))] dg^(i;(r, A)) + d{3\uH )^(^'^\v{r, A)), (3.23) 

which implies that v(r. A) is a periodic point of the Hamiltonian vector field Xr, — ^A, If we 

are able to prove that A(r, A) becomes very small as r 0, the Normal Form Theorem will guarantee 
that u(r, A) will amount to a periodic point of ^ ^ )A(r,A) = X/ii ^ — (A(r, A))t/ff , that is, a RPO 

of (the symbol (A(r, A))[/fj denotes the vector field defined by (A(r, \))uh (v) — \t=o ^-^P ^^(''i ^) ' 
V, V G C/^. It is easy to show that this is a well defined vector field on U^^ since exptA(r, A) • v E 
[/j^ whenever v € U^^). Actually it can be easily proved by mimicking what we did in the proof of 
Theorem 13.11 after (|3.1HI . that A(r, x) and c(r, x) are smooth functions that tend to zero and one, 
respectively, as the variable r tends to zero. I 

Remark 3.17 As we already pointed out in the introduction Theorem 13. 131 is NOT a generalization of 
Theorem 13. II In the proof of Theorem l3. II intervenes a transversality argument that guarantees that all 
the solutions obtained are genuine RPOs and not just relative equilibria. This is explicitly mentioned 
in its statement. Even though the spatial symmetries in the relative periodic solutions predicted in 
Theorem 13.11 are a particular case of the spatiotemporal symmetries treated in Theorem 13.131 one does 
not generalize the other since the subgroups of G x 5*^ intertwine the G and S'^-actions via the temporal 
character preventing us from making the distinction between RPOs and relative equilibria. In short, we 
cannot guarantee that the RPOs provided by Theorem 13 . 131 are not just relative equilibria. ♦ 

4 Relative periodic orbits around stable relative equilibria 

In this section we will use the so called Marle-Guillcmin-Sternberg (MGS) normal form and the recon- 
struction equations in order to generalize the main result in the previous section to the search of RPOs 
around genuine relative equilibria. 
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4.1 The MGS normal form and the reconstruction equations 

Since this topic has been already introduced already in many other papers we will just briefly sketch 
the results that we will need in our exposition, and will leave the reader interested in the details consult 
the original papers |41l 1281 . Regarding the reconstruction equations the reader is encouraged to check 



All along this section we will work with a G-Hamiltonian system (M, oj, h, G, J), where the Lie group 
G acts in a proper and globally Hamiltonian fashion on the manifold M. Let m be a point in M such 
that J(m) = fj. G Q* and Gm denotes the isotropy subgroup of the point to. We denote by the Lie 
algebra of the stabilizer of /i £ g* under the coadjoint action of G on g*. We now choose in ker J a 
Gm-invariant inner product, (■, •), always available by the compactness of Gm- Using this inner product 
we define the symplectic normal space Vm at m € M with respect to the inner product (•,•}, as the 
orthogonal complement of Tm(G^ - to) in ker T^J, that is, ker T^J = T'm(G^ ■m)(BVm,, where the symbol 
© denotes orthogonal direct sum. It is easy to verify that {Vm, '^(™)|vWi) is a Gm-invariant symplectic 
vector space. Let i?" : ^ be the isomorphism associated to the symplectic form uj{m)\v,„ 

Recall that by the equivariance of J, the isotropy subgroup Gm of to is a subgroup of G^ and 
therefore Qm = Lie(Gm) C Qfj,. Using again the compactness of Gm, we construct an inner product 
(•, •) on g, invariant under the restriction to Gm of the adjoint action of G on g. Relative to this inner 
product we can write the following orthogonal direct sum decompositions = 0^ © q, and = 0m © m, 
for some subspaces q C and tn C 0^. The inner product also allows us to identify all these Lie algebras 
with their duals. In particular, we have the dual orthogonal direct sums 0* = 0^ © q* and 0* — gm ©m* 
which allow us to consider 0* as a subspace of 0* and, similarly, 0^ and m* as subspaces of 0* . 

The Gm-invariance of the inner product utilized to construct the splittings 0^ — gm © na and 
0^ = flm ® ^* ' impHes that both m and m* are G^-spaces using the restriction to them of the G^- 
adjoint and coadjoint actions, respectively. 

The importance of all these objects is in the fact that there is a positive number r > such that, 
denoting by m* the open ball of radius r relative to the Gm~invariant inner product on m* , the manifold 
Yr := G Xg„ (tn* x Vm) can be endowed with a symplectic structure loy^ with respect to which the left 
G-action g ■ [h, ry, v] — [gh, rj, v] on Yr is globally Hamiltonian with Ad*-equivariant momentum map 
3y^ : Yr ^ q* given by Jy^^g, p,v]) = Ad*-i ■ + p + 3y^{v)). Moreover, there exist G-invariant 
neighborhoods U of to in M , U' of [e, 0, 0] in Yr, and an equivariant symplectomorphism (f> : U —^U' 
satisfying (f){m) — [e, 0, 0] and Jy^ o cf) — J. On other words, the twisted product Yr can be used as 
a coordinate system in a tubular neighborhood of the orbit G • to. This semi-global coordinates are 
referred to as the MGS normal form. 

In what follows we will use the MGS coordinates to compute the equations that describe the dynamics 
induced by the Hamiltonian vector field corresponding to a G~invariant Hamiltonian. These are called 
the bundle jSOj or reconstruction [221 equations. Let h G G°°{Y)^ be a G-invariant Hamiltonian on Y. 
Our aim is to compute the differential equations that determine the G-equivariant Hamiltonian vector 
field Xii £ X{Y) associated to h and characterized by ix^^Y — d/i. 

Since the projection tt : G x m* x Vm G (m* x Vm) is a surjective submersion, there are always 
local sections available that we can use to locally express — Tt:{Xq, X^-, Xy^), with Xq, X^* and 
Xy^^ locally defined smooth maps on Y and having values in TG, Tm* and TVm respectively. Thus, 
for any [g, p, v] e Y, one has Xciig, P> ^V) ^ TgG, X^'Hg, p, v\) G TpXn* = m*, and Xy^{[g, p, v\) e 
TyVm — Vm- Moreover, using the Ad^^ -invariant decomposition of the Lie algebra 0: = 0™ © m © 
q, the mapping Xq can be written, for any [g, p, v] £ F, as Xc{[g, p, v\) — TeLg[Xg^{[g, p, v\) + 
Xm{[g, p, v\) +Xq([(7, p, v\j), with Xg^, A"m, and Xq, locally defined smooth maps on Y with values in 
Qrn, n^, and q respectively. Also, note that since h G C°°{Gxh (m* x Kn))*^ is G-invariant, the mapping 
hoTT G C°°{G X m* X Vra)^ can be understood as a i?-invariant function that depends only on the m* 
and Vm variables, that is, /i o tt G G°°(tn* x Vm)^ - 

Using these ideas and the explicit expression of the symplectic form uy^ we can explicitly write 
down the differential equations that determine the components of Xh. In order to do so we first 
implicitly define a function 77 : 0^ x q ^ q* such that 0) = for all C G 0/i and that for p G m*, 

V eVm small enough satisfies Pq. y^'^*x^+ri(x^ ,p+Jv„ (« ))) + "^^n. {'") + A*) j =0. If we define il}{p, v) := 



with [saisniESj. 
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X,„, = (4.1) 

X,=ijip,v) (4.2) 

X^^D^.{ho7:) (4.3) 

Xv^^ BljDvJhoT:)) (4.4) 

^m* =Pm* (adl5^.(,,o^)P + adj5^^^,(^o7r)Jv™(^') +ad^;(p.«)(P + Jv„.(^'))) • (4-5) 



The previous equations admit severe simphfications in the presence of various Lie algebraic hy- 
potheses. See |60) for an extensive study. For future reference we wih note two particularly important 
cases: 

• The Lie algebra g is Abelian: in that case Xm' = = at any point. 

• The point /Lt € g* is split [STj, that is, the Lie algebra of the coadjoint isotropy of fj, admits a 
Adc^ -invariant complement in g: in that case the mappings rj and ■0 are identically zero. 

4.2 The main estimate 

The following result generalizes theorems 13.11 and 13.131 to the search of RPOs around stable relative 
equilibria 

Theorem 4.1 Let (M,uj,h,G^3) be a Hamiltonian G-space. Let m G M be a relative equilibrium of 
this system with velocity ^ € g, isotropy Gm, 3{m) — fi E g*, and h(m) — 0. Let Vm C T^M be 
any symplectic normal space through the point m, Qv^ {h — J''"^) (m)|y^, and Ay^ '■= Xq^^ . 

Suppose that for Vm ( and hence for any other symplectic normal space ) the infinitesimally symplectic 
linear map Ay^ is non singular and has ±ivo as eigenvalues. Let U^^ be the Gm x -symmetric 
resonance space of Ay^ with primitive period T,^^ (the -action is generated by the semisimple part of 
the restriction of Ay^ to U^^). Let H C Gm x be an isotropy subgroup of the Gm x -action on 
Uv^ . If H is not a purely spatial subgroup of Gm x we assume that the Gm -action on U^^ is simple, 
and hence it has an associated temporal character Oh such that 

H = {{f,eH{f))\feKcGm} 

and a well defined temporal velocity pn := TeOn G 

Suppose that (ft, — j'™^) (m)\ijH is a definite quadratic form. We consider two cases: 

(i) // ph = and Jvml^jj (0) Qv^ (1) nonempty then, for any e > small enough, there exist 
generically 



max 



^ (dim U^^ - 2 dim Ng„^ (K) + 2 dim K) , xe | llj^ (0) nQy^il)) 



(4.6) 



distinct RPOs of Xh with energy e, momentum G g*, relative period close to T^„, and isotropy 
subgroup Gm- 

(ii) // Ph 7^ and Xo G is such that Jv^l^^ (xo ^ irP^f) ^ Qv^ W '^"^ empty, assume 
that ONE of the following hypotheses holds: 

1. The Lie algebra g is Abelian. 
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2. The Lie algebra is Ahelian and /i is split. 

3. 0TO = 0p. 

Then, there exists an open neighborhood V^^ of Xo in (6°)^ such that for any x G ; 
intersection 3vm\'[u )h ~ ITPh^ ^ ^ submanifold of [U^^ )h of dimension dim U^^^ ~ 

AivuNq^-^Si^H) I H . Moreover, for any e > close enough to zero and x G Vy^^, there are 
generically at least 

i {dimU!l - dim Ng„SK) - dim iNG^{K)p^ n Ng^{K)^) + 2 dim K) ' 



XE (jv™ ix - ^Ph) n Qyl (1)^ 



(4.7) 



distinct relative periodic orbits of with energy e, momentum fi + e(x — ■^Ph) G 0*, isotropy 
H , and relative period close to T^^ . 

The symbol Jv„ denotes the momentum map associated to the linear action of Gm on Vm- The 
projections Pg,,^ and Pm are consistent with a given Adc^ -invariant splitting = 0„i © m q of the Lie 
algebra g. 

Remark 4.2 The reader interested in the relation between the hypothesis on the definiteness of the 
quadratic form d'^ (^h — 3^"^^^ {^)\v^ and the actual nonlinear stability of the relative equilibrium is 
encouraged to check with [SSI I54L , and references therein. ♦ 

Proof of the Theorem A straightforward computation shows that the Hessian in the statement of 
the theorem is well defined and that the hypotheses on it do not depend on the choice of symplectic 
normal space Vm- 

Given the local nature of the statement, we can use the MGS coordinates to carry out the proof of the 
theorem. For simplicity in the exposition we will identify points and maps in M and their counterparts 
in the MGS coordinates Y. Those coordinates can be chosen so that the point m is represented by 
[e,0,0] e G Xg„ (m* x Vm) and the submanifold E„i := {e} Xq^ ({0} x Vm) C F is such that T^'^m is 
a symplectic normal space at m, that is, kerT^J = Tm^m ® Tm{G^ ■ m). 

Notice that in MGS coordinates the point m = [e, 0, 0] is a relative equilibrium of the Hamiltonian 
vector field Xh with velocity ^ when 

X^(m) =T(e,o,o)^(e,0,0) (4.8) 

and the associated flow behaves as Ft(m) = [expi^, 0, 0]. 

We now define the function hv,„ G C°° (Vm)^"^ as hv^ {v) — ho 7r(0, v), for each v G Vm- Moreover, 
notice that by (|4.8|l and the reconstruction equation 14.411 

dhv^ (0) = Dv,^ {h o tt) (0, 0) = B\,^ {Xv^ (0, 0, 0)) = 0, 

where B e A'^{Vm x Vm) is the Poisson tensor associated to the symplectic form uiy^ ■= i^\v^- Also, for 
any v,w e Vm- 



d^h - J^"'«)([e, 0, 0])(T(e,o,o)7r(0, 0, v),T^,,o,oMO, 0, w)) = ^ 

= d'hv^{Q){v,w)- 



d_ 

ds 



(/i- J'"«)([e,0,to + H) 
(Tt^Jy^ •u;,Pn,0 = d^hv^mv,w), 



since TtvJvm '"^ ^ Qm Therefore, the hypothesis on the non degeneracy of d^(ft, — J'™^)(to)|[ 

implies the non degeneracy of d'^hv^{0)\u^^ ■ 
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We now apply Theorem l3.13l to the equilibrium that the system {Vm , , , Gm , Jv„ ) has at the 
origin. If we use isotropy subgroups of the Gm x 5'^-action on Vm with temporal velocity equal to zero and 
look for RPOs such that x = 0, Theorem 13 . 1 31 provides us with (|4.fci|) RPOs for (Vm, wy,^ , hy^ , G^, Jy^) 
with Jv;^ momentum equal to zero. The general case with non zero temporal character and arbitrary 
X gives us (|4.7|) relatively periodic solutions with Jy^ momentum equal to e{x — -^Ph)- 

In the remainder of the proof we will use these C?m~relative periodic orbits in Vm to construct G- 
relative periodic orbits in the original system using the reconstruction equations. We will first establish 
the estimate (|4.6|l on the number of RPOs with momentum equal to fi: let v € Vm be one of the Cm- 
relative periodic orbits of (Kn, wy^ , /iy,„, Gm, Jy,„) with Jy^ momentum equal to zero. If we look at 
the reconstruction equation 14.5|l taking into account that Jy„(w) = we obtain that the point [e, 0,w] 
is such that X^([e,0,w]) = and therefore it is necessarily a G-relative periodic point of Xh- Notice 
that, given the expression of the momentum map in MGS coordinates, this RPO has momentum exactly 
equal to /i. 

As to the estimate H4.7(l , consider now one of the RPOs of (Kn , wy„ , , Gm , Jy„ ) with Jy^ momen- 
tum equal to e(x — -^ph)- Additionally, suppose that we are in any of the first two cases contemplated 
in the Lie algebraic hypotheses in the statement of the theorem, that is, either the Lie algebra g is 
Abelian or is Abelian and p is split. It is easy to see by looking at the reconstruction equation (|4.5|l 
that in any of those two cases = at any point and therefore \i v ^ Vm is one of the Gm-RPOs 
of (T^, wy„ , /ly^, Gm, Jv,„) the point [e,0,z)] is necessarily a G-RPO of the original system, with G- 
momentum map p + e(x — 'itPh) G g* and isotropy subgroup H . If we are under hypothesis 3, the fact 
that Qm = Sfj, implies that m* = and therefore the argument that we just used can be applied to the 
points of the form [e,v]. I 

Conclusions. In this paper we have proved results that give estimates on the number of relative 
periodic orbits around given stable equilibria and relative equilibria. 

The approach taken in the proofs carries in its wake some limitations in our results. For instance, 
discrete symmetries are invisible by the momentum map. It is our belief that results in this direction 
can only be obtained by taking a global variational approach that the author is already studying and 
that will be the subject of a future work. 

This global variational approach seems also to be the only way to obtain global generalizations 
of the local results stated throughout the paper, similar to those obtained in the past regarding the 
Weinstein-Moser Theorem (see for instance an references therein) where, by substituting the 

stability condition by convexity hypotheses, estimates regarding the existence of periodic orbits could 
be formulated for any convex energy level set. 
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